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Abstract. This paper describes a simple method for estimating lower
bounds on the number of classes of equivalence for a special kind of
integer sequences, called division sequences. The method is based on
adding group structure to classes of equivalence and studying properties
of resulting groups as presentations of free group.
1 Division sequences
Let M ∈ {Z{6=0},Z{>0}} be a domain of mapping C
M
p,q : M → M defined as
follows.
CMp,q(c) =
{
pc+ 1, q does not divide c
c/q, otherwise
(1)
We call the mapping CMp,q division sequence for parameters p and q and domain
M .
Division sequence CMp,q indices following equivalence relation on M : for c, d ∈M
we say that c is equivalent to d, denoted c ∼ d, if d = CMp,q(c); symmetry, reflex-
ivity and transitivity are added to ∼ in order for it to be a proper equivalence
relation.
2 Presentations of free group
Let us observe monoidM ∈ {Z{6=0,·},Z{>0,·}} and corresponding Grothendieck’s
group F := K(M) ∈ {Q{6=0,·},Q{>0,·}}.
We are interested in free group F with countably many generators (primes) and
defining relations that (a) include abelinizing relation and (b) reflect equivalence
relation ∼ defined on M by CMp,q.
For fixed p, q ∈M we observe following relations:
q = 1, (2)
P ∼ Q⇒ P = Q (3)
For given p and q, we denote relations generated by (3) by Rp,q. Abelinizing
relation that we add to F is denoted XY = Y X and it implies that xy = yx for
all pairs of generators x, y of F . Note that Rp,q is a countable set.
Let
Hp,q := 〈F |XY = Y X, q = 1, Rp,q 〉
be presentation of F (we write F instead of F ’s generators for simplicity). We
denote by φp,q the corresponding free group homomorphism defining Hp,q. If the
choice of F needs to be clarified for Hp,q, we write H
M
p,q for domain M and free
group F = K(M).
Property 1. Hp,q is isomorphic to a quotient group of Hp,qn for all n ∈ N.
Proof. By Tietze transformations rules (see, e.g., [Lyndon, Schupp 2001]), im-
plication q = 1 ⇒ qn = 1 ensures that Hp,q is isomorphic to a quotient group
of Hp,qn . Since natural homomorphism χ : Hp,q → Hp,qn , where χ(a) = a, is
surjective we have Im χEHp,qn . ⊓⊔
When we are interested in parameters p, q for which Hp,q ∼= {1}, i.e. is a trivial
group, following properties are obvious.
Hp,q ∼= {1} =⇒ Hp,qn ∼= {1} and (4)
Hp,q ≇ {1} =⇒ Hp,qn ≇ {1} ∀n ∈ N
Another indication of structure of Hp,q are groups Hpp′,q, where p
′ ∈ F .
Property 2. Let p′ ∈ Ker φp,q . Then Hp,q is isomorphic to a quotient group of
Hpp′,q.
Proof. Let pp′P +1 = Q imply defining relation P = Q ∈ Rpp′,q. Since Hp,q and
Hpp′,q share domain, pp
′P +1 = Q also implies that defining relation p′P = Q ∈
Rp,q. Relations p
′P = Q, p′ = 1 ∈ Rp,q give us defining relation P = Q ∈ Rp,q by
Tietze transformations rules. Therefore, each defining relation of Hpp′,q is also a
defining relation of Hp,q, and we have the property. ⊓⊔
Tietze transformations allow us to make a stronger claim under following re-
strictions.
Property 3. Let q′ ∈ Ker φp,q ∩Ker φp,qq′ . Then
(a) Hp,q is isomorphic to a quotient group of Hp,qq′ ,
(b) Hp,qq′ is isomorphic to a quotient group of Hp,q.
Proof. Condition q′ ∈ Ker φp,q ∩Ker φp,qq′ ensures that
q = 1, q′ = 1, qq′ = 1 ∈ Rp,q ∩Rp,qq′ (5)
Let us assume that equality
pP + 1 = qn(q′)mQ (6)
holds in Q. Then pP + 1 = (q′)mQ holds in Q/〈q=1〉 and thus
P = (q′)mQ ∈ Rp,q ⇒ P = Q ∈ Rp,q (7)
On other hand, equality (6) gives us defining relations
P = qn−min(m,n)(q′)m−min(m,n)Q ∈ Rp,qq′ ⇒ P = Q ∈ Rp,qq′ (8)
by Tietze transformations rules because q′ = 1, q = 1 ∈ Rp,qq′ . Therefore, Hp,q
is isomorphic to a quotient group of Hp,qq′ and vice versa. ⊓⊔
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Corollary 1. If one of Hp,q, Hp,qq′ is finite and Property 3 holds for q
′, Hp,q ∼=
Hp,qq′ by cardinality argument. In particular, Hp,q ∼= {1} if and only if Hp,qq′ ∼=
{1}. ⊓⊔
Since moving from group Q{6=0,·} to group Q{>0,·} in terms of defining relations
can be done by adding defining relation −1 = 1, we also have
H
Q{>0,·}
p,q is isomorphic to a quotient group of H
Q{6=0,·}
p,q (9)
Let us now observe group Ker φp which is a subgroups of F . Since Ker φp,q ⊆
Ker φp,qn by Property 1, we have normal subgroup relation
Ker φp,q EKer φp,qn (10)
Then following corollaries are implied by Properties 2-3.
Corollary 2. Let p′ ∈ Ker φp,q. Then Ker φpp′,q EKer φp,q. ⊓⊔
Corollary 3. Let q′ ∈ M such that q′ ∈ Ker φp,q ∩Ker φp,qq′ . Then Ker φp,q =
Ker φp,qq′ and Ker φp,q ∼= Ker φp,qq′ . ⊓⊔
Structure of Ker φp,q, if nontrivial, can be partially disclosed as follows. Let us
fix p, q ∈M and define
Rp,q := P ≁ 1⇒ P = 1 (11)
to be set of defining relations, where ∼ is equivalence relation of a division
sequence CMp,q.
Now we can define group Hp,q as representation of free group F as follows.
Hp,q := 〈F |XY = Y X, q = 1, Rp,q〉 (12)
We denote the corresponding homomorphism of F by φp,q. Since Im φp,q ⊆
Ker φp,q , the following holds.
Property 4. Hp,q is isomorphic to a quotient group of Ker φp,q . ⊓⊔
Property 5. Let p′, q′ ∈ M . Then Hp,q/〈p′=1〉 is isomorphic to a quotient group
of Hpp′,q and Hp,q/〈q′=1〉 is isomorphic to a quotient group of Hp,qq′ .
Proof. Equivalence relation P ∼ Q implied by equality pp′P + 1 = Q generates
defining relation P = Q ∈ Rpp′,q, defining relation p
′P = Q ∈ Rp,q in Hp,q and
defining relation P = Q of Hp,q/〈p′=1〉. Therefore relations P ∼ Q ∈ Rpp′,q, where
P,Q ≁ 1, generate defining relation P = Q ∈ Rp,q and therefore are defining
relations of Hp,q/〈p′=1〉 as well.
Similarly, equivalence relation P ∼ Q, implied by pp′P + 1 = Q, generates
relation P = Q ∈ Rp,qq′ and relation P = (q
′)iQ ∈ Rp,q for some i ∈ N ∪ {0}.
Then P = Q is a defining relation of Hp,q/〈q′=1〉 as well. Therefore relations
P ∼ Q, where P,Q ≁ 1, that generate Rp,qq′ , also generate defining relations of
Hp,q/〈q′=1〉.
Thus, group Hp,q/〈p′=1〉 is isomorphic to a quotient group ofHpp′,q and Hp,q/〈q′=1〉
is isomorphic to a quotient group of Hp,qq′ . ⊓⊔
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Property 6. Let q′ ∈ Ker φp,q ∩Ker φp,qq′ . Then Hp,q/〈q′=1〉 ∼= Hp,qq′/〈q′=1〉.
Proof. By Property 3, defining relations of groups Hp,q/〈q′=1〉 and Hp,qq′/〈q′=1〉
are generated by the same set of relations. Then P = 1 is a defining relation
of Hp,q/〈q′=1〉 if and only if it is a defining relation of Hp,qq′/〈q′=1〉. Therefore,
Hp,q/〈q′=1〉 ∼= Hp,qq′/〈q′=1〉, since q = 1, q′ = 1, qq′ = 1 are defining relations of
both groups ⊓⊔
3 Equivalence classes of division sequences
Let us get back to division sequences CMp,q over domainM ∈ {Z{6=0},Z{>0}}. Free
group presentations Hp,q are related to equivalence classes defined by C
M
p,q as
follows. Relation (2) restricts equivalence relation ∼ to positive integer numbers
co-prime to q, and relation (3) ensures that for every P ∈ M such that P ∼ 1
we have P = 1 in Hp,q (the inverse implication may not be true). Therefore,
elements of Hp,q that are not identity contain positive integer numbers that are
not equivalent to 1 in the sense of ∼.
Corollary 4. Let c, d ∈ M . If c and d lie in different elements of Hp,q, then
c ≁ d. Therefore, the number of different equivalence classes of CMp,q is at least
the order of Hp,q. ⊓⊔
The structure of groups Ker φp,q is somewhat an indication of the structure of
integers equivalent to 1 in CMp,q.
Corollary 5. Members of equivalence classes of ∼ that lie in identity element
of Hp,q form a group under multiplication. ⊓⊔
Corollary 6. If Ker φp,q = F , then Ker φp,qn = F for all n ∈ N. ⊓⊔
Let us give several examples of how the above properties can be applied to
specific division sequences.
Example 1. If C
Z{>0}
p,q has just one equivalence class, then H
Q{6=0,·}
p,q has order ≤ 3.
Proof. Let us assume that H
Q{6=0,·}
p,q has order ≥ 3. Then there exist cosets
aKer φp,q, bKer φp,q and cKer φp,q where a, c, b ∈ Q{<0}. In this case ab, ac ∈
Q{>0} imply that aKer φp,q · bKer φp,q = abKer φp,q = Ker φp,q and similarly
aKer φp,q · cKer φp,q = Ker φp,q - a contradiction. ⊓⊔
Example 2. If CMp,qn , n ∈ N, has just one equivalence class, then H
M
p,q
∼= {1}. ⊓⊔
Example 3. If CMpp′,q contains a single equivalence class, then H
M
p,q
∼= {1}. ⊓⊔
Example 4. Let q′ ∼ 1 in CMp,q and C
M
p,qq′ . If C
M
p,q contains single equivalence class,
HMp,qq′
∼= {1}. If CMp,qq′ contains single equivalence class, H
M
p,q
∼= {1}. ⊓⊔
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Example 5. HM7,16 and H
M
7,2 are isomorphic to quotient groups of each other as
8 ∈ Ker φ7,2 ∩Ker φ7,16.
HM5,2 and H
M
5,12 are isomorphic to quotient groups of each other as 6 ∈ Ker φ5,2∩
Ker φ5,12.
HM3,2 and H
M
3,8 are isomorphic to quotient groups of each other as 4 ∈ Ker φ3,2 ∩
Ker φ3,8. ⊓⊔
Example 6. Let q′ ∈ Ker φp,q∩Ker φp,qq′ . If C
M
p,qq′ contains one equivalence class,
then a ≁ 1 for a ∈M in CMp,q only if q
′|a.
If CMp,q contains one equivalence class, then a ≁ 1 for a ∈M in C
M
p,qq′ only if q
′|a.
Proof. Let CMp,qq′ contain a single equivalence class. Then H
M
p,qq′
∼= {1} and
H
M
p,qq′
∼= F . We have
H
M
p,qq′/〈q′=1〉 ∼= H
M
p,q′/〈q′=1〉 ∼= F/〈q′=1〉
by Property 6. Therefore all members of M that are not equivalent to 1 are not
co-prime to q′. Similar argument is applied for the case when CMp,q contains a
single equivalence class. ⊓⊔
References
Magnus, Karras, Solitar 1966. W. Magnus, A. Karras, D. Solitar, Combinatorial group
theory, J. Wiley, 1966.
Lyndon, Schupp 2001. Roger C. Lyndon and Paul E. Schupp, Combinatorial Group
Theory, Springer, 2001.
Vinberg 1989. E. B. Vinberg, Linear Representations of Groups, Birkha¨user Verlag,
Basel, 1989.
5
